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Abstract 



We give a very simple and elementary proof of the existence of a weakly 
compact family of probability measures {Pg : 8 £ 0} to represent an im- 
portant sublinear expectation — G-expectation E[-]. We also give a concrete 
approximation of a bounded continuous function X(u>) by an increasing se- 
quence of cylinder functions L ip (Q,) in order to prove that Cb(£l) belongs to 
the E[| • |]-complction of the Li V (Q). 

Keywords: Probability and distribution uncertainty, G-normal distribution, G- 
Brownian motion, Continuous paths 



1 Introduction 

Recently a new stochastic process called G-Brownian motion has been intro- 
duced in |P3[ IP4j under a framework of sublinear expectation called G-expectation 
E. From the well-known representation theorem of sublinear expectation, a G- 
expectation E can be represented by an upper expectation: E[-] = sup AeA 
where {E\ : A 6 A} is a family of finitely additive linear expectation (see [Huber], 
[Delb2] and [P5]). In DHPi] Denis, Hu and Peng have introduced a method of op- 
timal stochastic controls (see [DHP], Section 4.1) to construct a weakly compact 
family of (er-additive) probability measures {Pg : 6 € 9} such that 
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where ft is the space of continuous paths. Since the representation sup AgA i?A['] is 
very elementary — only Hahn-Banach theorem is involved — a nature question is: 
Can we use the family {E\ : A e A} to find {Pq : 8 £ 0} instead of passing the 
above mentioned long proof by using sophisticate stochastic control theory? 

In this paper we give an affirmative answer to this question. Our method 
can be regarded as a combination and extension of the original Brownian motion 
construction approach of Kolmogorov and the Lipschitz cylinder functions Lj p (0) 
(see Section 2 for its definition) introduced in |P2j and |P3j . This permits to give 
a much simpler proof involving only elementary results of probability theory. The 
proof is short but the importance is obvious since it involves the foundation of the 
theory of G-Brownian motion and the related stochastic calculus. 

In this paper, we also give a concrete approximation of a bounded continu- 
ous function X(uj) by an increasing sequence of bounded and Lipschitz functions 
Li p (fl) in order to prove that Gb(Jl) belongs to the E[| • |]-completion of Lj P (f2). 

This paper is organized as follows: in Section 2, we use Hahn-Banach theorem 
to prove representation theorem of sublinear expectation. In Section 3, we find 
a weakly compact family of probability measures to represent G-expectation. In 
Section 4, we prove that every bounded continuous function belongs to the E[| • |]- 
completion of Li p (£l). 

2 Basic settings of G-Brownian motion and G- 
expectation 

We present some preliminaries in the theory of sublinear expectations and the 
related G-Brownian motions. More details of this section can be found in [P5] and 
[P2008]. 

Definition 2.1 Let Q be a given set and let J4? be a linear space of real valued 
functions defined on SI with c € J4? for all constants c. Jt? is considered as the 
space of our "random variables". A nonlinear expectation E on is a func- 
tional E : Jif i > R satisfying the following properties: for all X, Y £ Jif, we have 

(a) Monotonicity: If X>Y then E[X] > E[Y]. 

(b) Constant preserving: E[c] = c. 

The triple (O, Jif, E) is called a nonlinear expectation space ( compare with a prob- 
ability space (Q, ^ ,P)). In this paper we are mainly concerned with sublinear 
expectation where the expectation E satisfies also 

(c) Sub-additivity: E[X] - E[Y] < E[X - Y]. 

(d) Positive homogeneity: E[XX] = \t[X], VA > 0. 
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If only (c) and (d) are satisfied, E is called a sublinear functional. 

The following representation theorem for sublinear expectations is very useful 
(see |Peng2008 for the proof). 

Lemma 2.2 Let E be a sublinear functional defined on a linear space M' , i.e., 
(c) and (d) hold for E. Then there exists a family 21 — {Eg : 9 £ 0} of linear 
functionals defined on such that 

E[X}:= sup Eg [X] , for X £ '. 

and such that, for each X £ Jif, there exists a 9 £ such that E[X] := Eg[X]. If 
we assume moreover that E is a sublinear functional defined on a linear space Jf? 
of functions on Q such that (a) holds (resp. (a), (b) hold) /or E, then (a) also 
holds (resp. (a), (b) hold) for Eg, 9 £ 0. 

For a given positive integer n we will denote by (x, y) the scalar product 
of x, y £ R™ and by |x| = (a;, a;) 1 / 2 the Euclidean norm of x. We often con- 
sider a nonlinear expectation space (f2, Jf?, £) such that X\,- ■ ■ ,X n £ implies 
<p(Xi, • • • , X n ) £ for each ip £ Ci.Li P (R n ), where Cz.Li P (R™) is the space of real 
continuous functions defined on R™ such that 

\<p(x) - <p(y)\ <C(l + \x\ k + \y\ k )\x-y\, Vx,yeR", 

where k depends only on <p. 

We recall some important notions of nonlinear expectations distributions (see 
[P5,Peng2008]): 

Definition 2.3 Let X\ and X 2 be two n-dimensional random vectors defined re- 
spectively in sublinear expectation spaces (Qi,J#f,Ei) and (O2, J 1 ^,^) . They are 
called identically distributed, denoted by X\ ~ X 2 , if 

%}&{Xi)\ = E 2 [p(X 2 )}, yep £ C LLtp (R n ). 

Definition 2.4 In a sublinear expectation space (fi, Jf , E) a random vector Y = 
(Yi, • ■ ■ ,Y n ), Y{ £ J4? is said to be independent to another random vector X = 
(Xi, ■■■ , X m ), 1,6 under E[-] if for each test function p £ C LLlp (R m x R") 
we have 

E[<p(X,Y)]=E\E[<p(x,Y)] x=x ]. 

X = (Xi, • • • , X m ) is said to be an independent copy of X if X ~ X and X is 
independent to X. 
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Definition 2.5 (G-normal distribution) A d- dimensional random vector X = 
(Xi,--- ,Xd) in a sublinear expectation space (f2, Jff, E) is called G-normal dis- 
tributed if for each a , b > we have 

aX + bX = y/a 2 + b 2 X, (1) 

where X is an independent copy of X . Here the letter G denotes the function 

G(A) := ~E[(AX,X)] :S d ^R. 

Remark 2.6 It is easy to prove that the function G is a monotonic and sublinear 
function: 

G(A + A) < G(A) + G(A), 
G(XA) =XG(A), VA>0, 
G{A) > G{A), if A> A. 

From Lemma \2.2[ there exists a (bounded) subset S C §j such that 7 > for each 
7 G £ and 

G(A) = i suptr[^7], AeS d . 
z -res 

We often denote X ~ ^T(0, £). In JEM TM \Pcng200Sj it is proved that for 
each given monotonic and sublinear function G defined on there exists a random 
vector in some sublinear expectation space (rt,J^,E) such that X ~ ^(0, £), 
namely, X is G-normal distributed. It is also proved in Peng [P5,Peng2008] that, 
for each a G M. d and p G [1, 00) 

E[| (a,X) H = _i f X \x\i> exp ( dx, 



2-ko- 1 



aa 1 



2<j 2 _ 

aa 1 



where a 2 T — 2G(aa T ) 



Definition 2.7 ([P3] and }P5f ) Let G : S d ^ ^ be a given monotonic and sub- 
linear function. A process {B t (io)} t >Q in a sublinear expectation space (O, J^f,M) 
is called a G-Brownian motion if for each n G N and < £].,■•• ,i n < 
00, B tl , ■ • • , B tn G Jt? and the following properties are satisfied: 

(i) B (uj) = 0; " 

(ii) For each t, s > 0, the increment B t + S —B t is independent to (B tl , B t2 , B tn ), 
for each n G N and < t\ < • • • < t n < t; 

(lii) — B t ^ y/sX, for s,t>0, where X is G-normal distributed. 

Let fj = (M d )[°^°°) denote the space of all M d — valued functions (u>t)t£R+ an d 
=S^(f2) denote the a-algebra generated by all finite dimensional cylinder sets. Cor- 
respondingly, we denote by O = Cq(R + ) the space of all M. d — valued continuous 
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functions (u)t)ttR+, with ujq = 0, equipped with the distance 

2—1 

=S^(f2) denotes the cr-algebra generated by all open sets. The corresponding canon- 
ical process B t (ui) — u)t, (resp. B t (uj) = u>t) t <E [0, oo) for Q € O (resp. u> € fi). 
The spaces of Lipschitzian cylinder functions on f2 and f2 are denoted respectively 

by 

L lp {Cl) :={cp(B tl ,B t2 ,--- ,B tn ):Vn >l,h,--- ,t n € [0, oo), Vy> € q.« p (R rfxn )}, 
L lp (ft) :=MB (l ,B i2I - ,B tn ):Vn>l,t 1 ,--- ,t n E [0, oo),V^ € Q. iip (R dxn )}. 

Following |P3[ IP4| . we can construct a sublinear expectation E on (fi, L ip (Q)), 
called G-expectation, such that (B t (w)) t >o is a G-Brownian motion. Since the 
natural correspondence of Li p (Cl) and Li p (£l), we can also construct a sublinear 
expectation E on (f2,Lj p (f2)) such that (_B t (d>)) t >o is also a G-Brownian motion. 
In particular, for each 0<s<t<oo,aeR d and p6 [1, oo), 

E[| (a, B t - B.) n = 1 /°° |af exp f 2 ) (2) 

where er aaT = 2G(aa T ). 

In |P3j . |P4j . |P5j the space Lj p (f2) is extended to L G (fl) under the Banach 
norm E[| • |] to develop a new type of G-stochastic calculus, including G-Ito's 
integrals, G-Ito's formula and G-SDE. In |DHPj a family of weakly compact prob- 
ability measures has been found to represent E. This representation theorem is 
essentially important. Indeed, through it we were able to prove in [PHP] that an 
element Y of the abstract Banach space L G (£l) is in fact a quasi-continuous func- 
tion Y = Y(u>) defined on fi, with respect to the natural capacity induced by this 
family. The space L P G {Q) is also proved to be identified with the that introduced 
in [DenMa . In the next section we give a very simple and elementary proof of this 
representation theorem. 



3 G- Expect at ion as an upper Expectation 

A main objective of this paper is to find a weakly compact family of (cr-additive) 
probability measures on (0,^(0)) to represent G-expectation E. We need the 
following Lemmas. 

Lemma 3.1 Let < t x < t 2 < ■ ■ ■ < t m < oo and {<^„}£° =1 C C LL , ip (R dxm ) 
satisfy ip n J, 0. Then E[cp n (B tl , B t2 , ■ • ■ , B tm )] J, 0. 
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Proof. We denote by X — (B tl ,B t2 , ■ ■ ■ ,B tm ). For each N > 0, it is clear that 

Pn(s) < fcn + fi{x)hx\>N] < fc» + for each z € R dxm , 

where = m&x\ x \< N ip n (x) . Noting that G Ci.Lip(R d><m ), then we have 

E[M*)] < C + ^E[MX)\X\]. 

It follows from <^„ J. that k% | 0. Thus we have lim„^ 00 E[<p n (X)] < j r E[ip 1 (X)\X\ 
Since iV can be arbitrarily large, we get K[<p n (X)] J. 0. □ 

We denote by ^ := {t = (ti, . . . , t m ) : Vm e N, < t\ < t 2 < ■ ■ ■ < t m < oo}. 

Lemma 3.2 Let E be a finitely additive linear expectation dominated by E on 
Li p (Q). Then there exists a unique probability measure Q on (0,^(fi)) such that 
E[X] = E Q [X] for each X € L ip (Cl). 

Proof. For each fixed t = (ti, . . . ,t m ) G 3", by Lemma [3.11 for each sequence 
Wn}^ =1 C C LLlp (R dxm ) satisfying <p n j 0, we have E[<p n (B tl , B t2 , ■ ■ ■ ,B t J] j 
0. By Daniell-Stone's theorem, there exists a unique probability measure Qt 
on {R dx "\^(R dxm )) such that E Q± [ip] = E[<p(B tl , B t2 , ■ ■ ■ , B tm )} for each tp G 
C;.Lip(K <ixm )- Thus we get a family of finite-dimensional distributions {Qt ■ t E 
3?}, by Daniell-Stone's theorem, it is easy to check that {Qt : t G =T} is consistent, 
then by Kolmogorov's consistent theorem, there exists a probability measure Q 
on (n,=$?(n)) such that {Qt : i G is the finite-dimensional distributions of Q. 
Assume there exists another probability measure Q satisfying the condition, by 
Daniell-Stone's theorem, Q and Q have the same finite-dimensional distributions, 
then by monotone class theorem, Q = Q. The proof is complete. □ 

Lemma 3.3 There exists a family of probability measures 5| on (Q, <^(fi)) such 
that 

E\X] = max E \X\, VX G L iv (fl). 
Proof. By Lemma \2. 2 1 and Lemma l3~2l it is easy to get the result. □ 

For this J|, we define the associated capacity 

c(A) := sup Q(A), A G S§(VL). 

and upper expectation for each i^(f2)-measurable real function X which makes 
the following definition meaningful, 

E[X] := sup E Q [X}. 
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Lemma 3.4 For B — {B t : t £ [0, oo)} , there exists a continuous modification 
B = {B t : t S [0,oo)} of B (i.e. c({B t ^ B t }) = 0, for each t > 0) such that 
B o = 0. 

Proof. By Lemma f3 .31 we know that E = E on Lj p (f2), from @ we get 

E[\B t -B s \ 4 } =E[\B t -B s \ 4 } =d\t-s\ 2 ,Vs,te [0,oo), 

where d is a constant depending only on G. By generalized Kolmogorov's criterion 
for continuous modification with respect to capacity (see Theorem 31 in [DHP]), 
there exists a continuous modification B of B. Since c{{Bq 7^ 0}) = 0, we can set 
Bq = 0. The proof is complete. □ 

For each Q £ 3%, let Q o B^ 1 denote the probability measure on (Q,,M{Vt)) 
induced by B with respect to Q. We denote by = {Q o B^ 1 : Q £ &> e }. By 
Lemma T3.41 we get 

E[\B t -B s \ 4 } = E[\B t -B s \ 4 ] =d\t-s\ 2 ,V Sl te [0,oo). 

Applying the well-known result of moment criterion for tightness of Kolmogorov- 
Chentrov's type, we conclude that is tight. We denote by & — @>\ the closure 
of under the topology of weak convergence, then is weakly compact. 

Now, we give the representation of G-expectation. 

Theorem 3.5 For each continuous monotonic and sublinear function G : S ( i 1— > ffi, 
let E be the corresponding G-expectation on (ft, Li p (Q)). Then there exists a weakly 
compact family of probability measures 3? on (Q,3§(Q)) such that 

E[X] = maxE P [X], VX £ L ip (Cl). 

Proof. By Lemma \3. 31 and Lemma I3T41 we have 

ELY1 = max E P \X], £ Li J ft). 

For each X £ L ip (fi), by Lemma O we get E[\X - (X A N) V (-N)\] | as 
N — > 00. Noting also that J 2 * = £?i, then by the definition of weak convergence, 
we get the result. □ 

4 Completion of L ip (Q) 

We denote by L°(f2) the space of all ^?(r2)-measurable real functions and Cb(Cl) all 
bounded continuous functions. In section 3, we obtain a weakly compact family 
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& of probability measures on to represent G-expectation E. For this 

we define the associated capacity 

c(A) := sup P(A), A G 

and upper expectation for each X G L (fl) which makes the following definition 
meaningful, 

E[X]:= sup E P [X\. 

By Theorem 13.51 we know that E = E on Li p (Q), thus the E[| • |]-completion and 
the E[| • |]-completion of L ip (Q) are the same. We also denote, for p > 0, 

• jSf* := {X G L°(fi) : E[|JC|*] = sup Pe ^ E p [\X\p] < oo}; 

• Jf*> := {X G L°(0) : E[|JC|*] = 0}; 

• /:={!£ L°(fi) : X = 0, c-q.s.}. 

It is seen that Jzf p and ^/K p are linear spaces and jV v — JY , for each p > 0. 

We denote by L p := J£ v j jV . As usual, we do not take care about the distinc- 
tion between classes and their representatives. 

Now, we give the following two Propositions which can be found in [DHP]. 
Proposition 4.1 For each {X n }^ =1 in Cb(fl) such that X n { on SI, we have 

nx n ] i o. 

Proposition 4.2 We have 

1. For each p > 1, L p is a Banach space under the norm \\X\\ v := ^E[|JT| p ]^ P . 

2. For each p < I, V is a complete metric space under the distance 
d(X,Y) :=E[\X-Y\p}. 

With respect to the distance defined on L p , p > 0, we denote: 

• L p the completion of Cb(£Y). 

• Lq(Q) the completion of L ip (fl). 
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For each T > 0, we also denote by fix = Q? ([0, T]) equipped with the distance 
p(u>\u 2 ) = Wuj 1 - u 2 \\ c , ([0 T]) := nu« k 1 - w t 2 |. 

We now prove that = ^c- First, we need the following classical approx- 

imation Lemma. 

Lemma 4.3 For each X e Cb(Cl) and n = 1, 2, • • • , we denote 

X<~ n \w) 4 jnf n {X(o;') + n ||w - w'Hqfao.n])}. V ^ e ft- 
T/ien f/ie sequence {^™'}$£Li satisfies: 

1. -M < < < • • • < X 7 M = sup wen 

^. IXW^iJ-XWCwa)! <n|k-W2|| c -([o,n]). Vwi.wa e fi. 

Proof. Lis obvious. 
For 2. We have 

< sup +n || Wl -w'||c*([o,n])] - +«lk ~ w'|| C * ([0 , n ])]} 

< n|k -W2|| C d ([0 , n ]) 

and, symmetrically, X(")(cj 2 ) — < n |k — w 2 |lcdQ Thus 2 follows. 

We now prove 3. For each fixed cj e 0, let o>„ e fi be such that 

XK) + n \\W - Wn|| C -([0,n]) ^ + ^ 

It is clear that n ||w - ^n\\cg([o, n ]) - 2M + or H w - w "llc^([o,n]) - ^IT 1 - Since 
X e Cfc(ri), we get X(u n ) — ► -X"(w) as n — > oo. We have 

> X<"'(«) > X(w n ) +n\\u>- w n || c - ([ o, n]) - \, 

thus 

n ||w - w„||^([o,n]) < - *kOI + -• 

We also have 

X{u n ) - X{u) +n\\w- Wn|| c -([o,n]) > * (n) M - *M 

> X(w„) - X(u) + n ||w - w„|| C d ([0in]) - 
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From the above two relations we obtain 

\X^(u>) - X(u>)\ < \X(u> n ) - X(w)\ +n \\ u - w„|| C d ([0 , n]) + \ 

< 2(\X(w n ) - X(w)\ + -) -> as n -> oo. 
n 

Thus 3 is obtained. □ 

Proposition 4.4 For eacft X 6 Cb(fi) and e > i/iere exisis a Y € Li p (fi) swc/i 
i/iai E[|y-X|] < e. 

Proof. We denote by M — sup^^Q \X(oj)\. By Proposition 14.11 and Lemma 
gU we can find fi > 0, T > and X E C* h (fi T ) such that E[\X - X\] < e/3, 
su P^en \ x (u)\ < M and 

\X(u>) — X{uj)\ < fl\\uJ — u'\\c<i([0,T]) ' Vu/, £j' £ 

Now for each positive integer n, we introduce a mappings 

fc=0 fe +! fe 

where i™ = ^, fe = 0, 1, • • • , n. We set X( n \u) :=X(wW(w)), then 

|X( n >(w)-X( n V)| <*i SU P k (n) (w)(i)-w (n) (w')(*)l 

te[o,T] 

= p sup |u,(t£)-u/(t£)|. 
fee[o,--- ,n] 

We now choose a compact subset K C fi such that E[l^-c] < e/6M. Since 
sn Pu£K su Pte[o,T] I^C*) ~ — > 0, as n — > oo, we then can choose a suffi- 

ciently large no such that 

sup \X(u) ~ X ( " o) M| = sup \X(cu) - X(uj^(cj))\ 
uieK u>eK 

<A*sup sup |w(t)-w (no) (w)(t)| 
u£K te[o,r] 

< e/3. 

We set Y := X^, it follows that 

E[|X-Y|] < E[\X-X\] + E[\X - X (no) \} 

< E[\X - X\] + E[1 K \X - X ( " o) |] + 2ME[l K a] 

< e. 
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The proof is complete. □ 



By Proposition 14. 41 we can easily get £g,(f2) = Furthermore, we can get 
L P G (Q) = Lg, Vp> 0. 
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